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~ Spin Orbit Spectra Cal cul ations

(% 1)
(%00)
[]

kill(all);
done

1 Define operators

7 (% 1)
(%01)

7 (% 2)
(%02)
7 (% 3)
(%03)

7 (% 4)

(%04)

~ (%5)

(%05)

~ (% 6)

(%06)

(%)

(%07)

assume( h[ bar] >0, nm»0, a[0]>0, b>0, Z>0);
[ hpar >0, m>0, ap>0, b>0, Z>0]

/* Norm of radial function */
N(f) := (integrate(conjugate(f)*f*r~2, r, 0, inf));

Nf)::,[ conj ugat  f )f r2dr

0

/* Norm of spherical function */

NY(f) := integrate(integrate(conjugate(f)*f*sin(theta), theta, 0, %
2n (m

NKf)::J J.COML@atdf)fsidE»dedQ
0 0

/* Norm of 3d function */

N3(f) integrate(integrate(integrate(conjugate(f)*f*sin(theta), the

phi, 0, 2*%i)*r"2, r, 0, inf);

o (21 (T
NXf)::J"[ J conjugatg f)f Qlie)dedq)rzdr

0 0 0

/* Expectation value of radial function */
Ex(f,op) := (integrate(conjugate(f)*op*f*r*2, r, 0, inf));

Ex(f, op):=J conj ugat g f )op f r2dr

0

/* Expectation value of 3D wave function */
Ex3(f,op) := integrate(integrate(integrate(conjugate(f)*op*f*sin(thet
phi, 0, 2*%i)*r"2, r, 0, inf);

o (21 (™
Exia(f,op)::J J J conjugatg f)opf sir(e)ded(przdr

0 0 0

/* Integral of two 3D wave functions */
Ex32(f1l,op,f2) := integrate(integrate(integrate(conjugate(fl)*op*f2*s
phi, 0, 2*%i)*r~2, r, 0, inf);

o (21 (™
Ex32(f1,op,f2)::J J Jconjugate(fl)oprSir(e)ded(przdr

0 0 0

E? Define energy |levels of Hydrogen



267(3-4).wxm
- 2 Define Radial Eigenfunctions

(% 8) rhon: 2*Z*r/(n*a[0]);

2r Z
(%08)
ap n

E 1s radial function

7 (%9) rho: ev(rhon, [n=1]);

i 2r Z
(%09)
aop

7 (% 10) R[0]: 2*(Z/a[0])~(3/2)*exp(-rhol/?2);

i rz
228/ 29e 0

(%©10) adl 2

K 2s radial function

7 (%11) rho: ev(rhon, [n=2]);
rZ
(%ll) —=
ap

7 (% 12) R[1]: 1/ (2*sqrt(2))*(Z/a[0])"(3/2)*(2-rho)*exp(-rhol/2);

ez
z8! 2(2- rzj%a 2 20
ao
(%12)
23/2 8.8/ 2

" 2p radial function

(% 13) R 2]: 1/(2*sqrt(6))*(Z/ a[0])~(3/2)*(rho)*exp(-rho/2);

r z

r 25/ 29 2%

2/6 ag/2

(%13)

K 3s radial function

~ (%14) rho: ev(rhon, [n=3]);
r Z
ap

2
(%014)

r z
2 72 -
3/2 4|’72_4r2+6 e °20
9 ag ag

35/ 2 ag/ 2

(%15)

2/ 14

7 (% 15) R[3]: 1/(sqrt(243))*(Z/a[0])"(3/2)*(6-6%rho+rho”2)*exp(-rho/2);
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” 3p radial function

? (% 16) R[4]: 1/(sqrt(486))*(z/ a[0])"(3/2)*(4-rho)*rho*exp(-rho/?2);
rz

21 725/2(4.2" %o 320
3 ap

(%016)

27 /6 ag’?2

E 3d radial function

(% 17) R[5]: 1/(sqrt(2430))*(z/a[0])~(3/2)*(rho”2)*exp(-rhol/2);

rz
41277 29g 3%

81-/30 a§’?

(%17)

E Nor mal i zati on check

7~ (%18) for i: O thru 5 do (
print (i, " NR: ", N(Ri]))
);
N(R):
N(R):
N(R):
N(R):
N(R):
N(R):
(%18) done

GOMNWNRO
N Y

- 3 Spherial Harnonics

" Define Eigenfunctions

~ Y(0,0)
(% 19) Y[O]: 1/ (2*sqrt(%pi));
1
(%19) ——
2-n
7 Y(1,0)
(% 20) Y[1]: 1/2*sqrt(3/%i)*cos(theta);
(%020) /3 cos(e)
0@ -
2-/n

7oY(1,1)
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(% 21) Y[2]: -1/2*sqrt(3/(2*%pi)) *si n(theta)*exp(% *phi);
/3 9%e® ¢sin g)

23/2@

(%21) -

7 Y(2,0)

(% 22) Y[3]: 1/4*sqrt(5/ %i)*(3*cos(theta)”2-1);
/5(3 cos(8)*- 1)
4

(%922)

7oY(2,1)

(% 23) Y[4]: -1/2*sqrt(15/(2*%i))*sin(theta)*cos(theta)*exp(% *phi);
/15 9% ®cos(9) sinv)

23/2\/}

(%923) -

7 Y(2,2)

(% 24) Y[5]: 1/4*sqrt(15/(2*%i))*sin(theta)”2*exp(2*% *phi);
J15' 02 % 0 g)2

25/2ﬁ

(%024)

”Y(3,0)

(% 25) Y[6]: 1/4*sqrt(7/ %i)*(5*cos(theta)”3-3*cos(theta));
J7(5 cos( 8)°- 3 cos( 9))
4-n

(%025)

7 Y(3,1)

(% 26) Y[7]: -1/8*sqgrt(21/ (%i))*sin(theta)*(5*cos(theta)”2-1)*exp(% *phi);
21 %% 9( 5 cos( 8)%- 1) si n( p)

8/m

(%26) -

7 Y(3,2)

(% 27) Y[8]: 1/4*sqrt(105/(2*%i))*sin(theta)”2*cos(theta)*exp(2*% *phi);
/105" %2 % @ cos( g) si n( 0)2

25/2\/}

(%027)

”Y(3,3)
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(% 28) Y[9]: -1/8*sqrt(35/ (%i))*sin(theta)”3*exp(3*% *phi);
\/35' @3 % 9sin g)3

8/t

(%28) -

- 4 Wave functions psi(r,theta, phi)=Rn]*Y[Il, ni
and radi al derivatives dpsi=dRn]*Y[I|, m

" psi[n=1, 1=0, ni=0]

7 (%29) gn[0]: "n=1, 1=0, nm=0"$
~ (%30) psi[0]: RO]*Y[0]$

" psi[n=2, 1=0, nl=0]

7 (%31) gn[1]: "n=2, 1=0, n=0"$
7 (%32) psi[1]: R1]*Y[0]$

7 psi[n=2, 1=1, nl=0]

7 (%33) gn[2]: "n=2, I=1, n=0"$
7 (%34) psi[2]: R2]*Y[1]$

7 opsi[n=2, 1=1, nl=1]

7 (%35) qn[3]: "n=2, I=1, n=1"$
©(%36) psi[3]: R2]*Y[2]$

"~ psi[n=3, 1=0, nl=0]

7 (%37) gn[4]: "n=3, 1=0, n=0"$
© (%38) psi[4]: R{3]*Y[0]$

" psi[n=3, 1=1, nl=0]

7 (%39) gn[5]: "n=3, I=1, n=0"$
© (%40) psi[5]: R41*Y[1]$

7 psi[n=3, 1=1, nl=1]

7 (%41) qn[6]: "n=3, I=1, n=1"$
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C(%42) psi[6]: R{4]1*Y[2]$

7 psi[n=3, 1=2, ni=0]

7 (%43) gn[7]: "n=3, =2, mM=0"$
C(%44) psi[7]: R{5]*Y[3]$

7 psi[n=3, 1=2, ni=1]

7 (%45) gn[8]: "n=3, =2, mM=1"$
C (%46) psi[8]: R{5]*Y[4]$

7 psi[n=3, 1=2, ni=2]

7 (%47) gn[9]: "n=3, =2, m=2"$

7 (%48) psi[9]: R 5]*Y[5]$
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K Nor mal i zati on check

7 (% 49) for i: O thru 9 do (
). print (qn[i], ", psi: ", psi[i])
| | vz
Z3/2(;|/e ap
n=1, 1=0, mM=0, psi: ————
\mad! 2
rz
Zslz(z_razj% 2 a
n:2, =O, m :O , pS| 0
252 /a3l ?
_rZ
/3t cos(g)Z% 20e 2%
n=2, =1, m =0, psi :
4-/6'/1 a2
rz
hm2. =1 me1, psi: . 3%t Orsine)zZoe T
’ ’ ’ ' 25/2Wﬁa8/2
r Z
S312(41222 41 Z o 3ag
3 0 n=0 . 9 ag ag
n=3, 1=0, =0, psi:
235/2ﬁa8/2
rz
5 e
r COS( e) Z5/2(4_ 3raZj(ye 3 ag
0
n:3, :1, m =0 , pS| :
35/2@\/}&8/2
r Z
0/@% ?r sij r(e) Z5/2(4_ 23r Zjo/e-3ao
ap
n=3, 1=1, m=1, psi: -
ﬁ35/2£ﬁa8/2
r zZ
3 =2 =0 - /5'r2(3cos(g)?-1)z" 2% %0
n=3, 1=z, =0, psi:
81-/30'/1t a§’ 2
r zZ
h=a. l=2, me1, psi: . 215%™ Orfcose)sine) 27 ?oe %
| | | ' 81-/30'/m ag’ 2
r Z
n=3 | =2 m =2 pS| \/E‘O/ez% (pr-zsir-(e)227/20/e 3 ag
- SR 812 /30 a}'?
. (%49) done

71 14
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- 5 Expectation values of orbital velocities

U

N3( psi):
N3( psi):
N3( psi):
N3( psi):
N3( psi):
N3( psi):
N3( psi):
N3( psi):
N3( psi):
N3( psi):

©OCoOo~NOODdWDNEFEO

. (%50) done

ap

(%©52)

5.1 Detailed results

1

RPRRPRPRRRRRPR

gcos(p)+1

7(%50) for i: O thru 9 do

print (i, " N3(psi): "

N3(psi[i]));

~ (%51) assune(epsilon>0, epsilon<l);
| (%®51) [ €20, e¢<1]

7 (%52) op: a[0]/(1+epsilon*cos(theta));

8/ 14
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" (%53) for i: O thru 9 do (
P. r*psi[i],
d2pP: diff(P, r, 2),
v2: expand(ratsinp(-h[bar]”2/P * d2P)),
v: Ex3(psi[i], op),

prl nt ("******************************************************")
’

print (gn[i], ", psi: ", psi[i]),
print ("***** d2pP: ", d2P)
print ("***** y2: " v2)
);
B kkhkkhkkhkkhhkkhkkhkhkkhhkhkkhkhkhhkhkkhhkhkhkhkkhhkhkkhkhkhkhkhkkhhkhkhkhkkhhkhkkhkkhkhkhkkhkkhkhkkikkkk*k
re
Z3/2 e ap
n=1, =0, mM=0, psi: ———
mad!2
r Z r Z

2720 0 275/29g %
magl 2 a2
2 hfar Z_ hpar 22

agr ab

kkhkkhkkhkkhhkkhkkhkhkkhhkhkkhkhkhkhkhkkhhkhkhkhkkhhkhkkhkhkhkhkhkkhhkhkhkkhhkhkkhkkhkhkhkkhkkhkkhkkikkkk*k

Kk Kk k% d2P

*k k%% V2.

rz
z3’2(2-rzjfye 2 20
. ao
n=2, 1=0, m=0, psi: 2512 [ a2
r z rz
rz rz r Z T r Z "5
- - rZ7/2(2-j°/e %0 z5’2(2-j0/e %0
coxnn gop. 27 % 0 2o PO a0 ao
' 25/2\/;61(7)/2 23/2\/;38/2 29/2x/;a8’2 25/2\/;38/2
2 2 2
KrEEE D 2hbarz_hbarZ
ag r 4 a§
EIR SR I 30 b 2 b I I b I b I b I I I I I IR b I b I I I b I b I I S I b I I I b I b b I b I I I I b 2 ]
rz
> 121 =0 ~ J3'r cos(g)z%20e 2%
n=2, |=1, =0, psi:
4-/6'\/maf 2
r z r z rz
cerne qop J3'r2cos(0) 2% 2% 2% /3'r cos(0) 2"/ 2% 2% /3 cos(g)z% 29 %%
: - +
16/6'/m af’ 2 2-/6'\/maj? 2-/6'\/mag 2
wexnn yp N 2% 2hfa Z 2hfa
' 4 ap ag I r2
EIR IR I 30 b 2 b I I b I b I b I I I I I I IR b I b I I I b I b I I S I b I I A b I b b I b I I I I b 2 ]
rz
n=2, 1=1, m=1, psi: 3 %" or sin(g)z5/ 2o >
T T P 25/2 6/t a8/ ?
% o rz % o r z
. 3'r2sine) 2% 2% 230 [3'rsing)z" 2% 2 a9
Do + }
2912 6 i a8/ ? 2312 [6 a2

r z
% - —

¢
J3'sing)z% 2 9% 220
23/2\/€\/;‘ a§’2
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- 5.2 Conpacted results

(% 54) for i: O thru 9 do (
P. r*psi[i],
d2p: diff(P, r, 2),
v2: expand(ratsinmp(-h[bar]”2/P * d2P)),
v: Ex3(psi[i], op),

print (gn[i], ", v2: ", v2)
);

| kkkkkkkkkkkhhkkkhhhkkkhhkkkkhhkkkhhhkkkhhkkkkkhkkkk* k% %
2 2 2
2 hbar Z hbar Z

agr a

Khkhkhkhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhkh*
2 2 2
2 hbar Z hbar Z

agr 4 a§

Ak khkhkkhhdkhkhhkhkhhhk kb rkhkh bk hkhhrkkhkhrkkdkhkkkhhkrkhkhkkkh*x*x
2 2 2 2

hbar Z +2 hbar zZ 2 hbar
4 af ap r r?

Ak khkhkkhhdhkhkh bk hkh bk hkhkhdkhkhhkhkdkhrkkhkhrkhkhdkhkdkhkrkhkhkkkh*x*x
2 2 2 2

hbar Z +2 hbar zZ 2 hbar
4 af ag I r?

Khkhkhkhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhkh*
2 2 2
2 hbar Z hbar Z

agr 9 aj

Ak khkhkkhhhhkhkhhhkhkhhhkkhkhdkhkh bk hkdkhrkhkhdkhkhdkkdkhkrkdkhkkkkhx*x
2 2 2 2

hbar Z +2 hbar zZ 2 hbar
9 ap ap r r?

Ak khkhkkhhhkhkhhhkhkdkhhkkhkhdkhkh bk hkhhrhkdkhdkhkhdkkhkhkhkrkhkhkkkkh*x*x
2 2 2 2

hbar Z +2 hbar zZ 2 hbar
9 af agr r?

Ak khkhkkhkhhkhkhhhkhkhhdkkhkhrkhkh bk hkhkhrkhkhdkkhdkhkdkhkrkhkhkkkkh*x*x
2 2 2 2

hbar Z +2 hbar Z 6 hbar
9 ap ap r?

Ak khkhkkhkhhkhkhhkhkhhdkhkhrkhkhhhkhkdkhrkdkhdkhkhdkkdkhkrkhkhkkkkh*x*x
2 2 2 2

hbar Z +2 hbar Z 6 hbar
9 aj ag I r?

Ak khkhkkhkhhhkhkhhhkhkhhdkhkhkhrkhkhhkhkhkdkhrkhkhdkkhhkkhkdkhkrkdkhkkkkh*x*x
2 2 2 2

hbar Z +2 hbar Z 6 hbar
9 ap ap r?

n=1, =0, m=0, v2:

n=2, =0, mM=0, v2:

n=2, =1, mM=0, v2: -

n=2, I=1, m=1, v2: -

n=3, =0, mM=0, v2:

n=3, =1, mM=0, v2: -

n=3, I=1, mM=1, v2: -

n=3, =2, mM=0, v2: -

n=3, =2, mM=1, v2: -

n=3, I=2, m=2, v2: -

| (%054) done

- 6 Expectation values of orbital radii in theta pl

(see notation of Atkins)

10 / 14

prl nt ("******************************************************")
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(% 55) op: a[0]/(1l+epsilon*cos(theta));
ao

(%55) —
gcos(@)+1
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(% 56) for i: O thru 9 do (
re: Ex3(psi[i], op),

prl nt ("******************************************************")

print (gn[i], ", <r> ", re)

)i
- R b I S I b b I b b S b I b S S I IR b I I S S b b b i I I I b S b I b I I S I I I i S b
log(e+1l) log(1l-¢g)
ap

n=1, 1=0, m=0, <r>: £ 5 £

P 30 20 20 I S P I 0 20 b b I S I 0 0 0 b I S I b b b b I S I b b b I S I b b I I I S b b b I I S S I I
log(e+1) log(1l-c¢)
ap

n=2. 1=0, m=0, <r>: £ . £

R R RS
log(e+l) g+2 -2 log(1l-¢)
38.0 - + -

g3 22 2¢2 g3
n=2, I=1, mM=0, <r>: 5

kkhkkhkkkhhkkhkkhkhkkhhkhkkhhkkhhkhkhhkhkhkhkkhhkhkkhkhkhkhkhkhhkhkhkhkkhhkhkkhkkhkhkhkkhkkhkkhkkikkkk*k

(|09(8+1) log(e+1) g+2 log(1l-¢) g-2 |09(1-s)]
3 ag - + - +

€ 83 2 82 € 2 82 83

4

kkhkkkhhkkhkhkkhhkhkhkhkhhkhhhkhhkhhhkhhkhhhkhkhkkhhkhkhkhkrhkhkhhkhkhkhkkhhkhkikkhkkhk*x

C og(e+1) log(1- g)]
ap

n=3, 1=0, mM=0, <r>: £ 5 £

kkhkkhkkkhhkkhkkhkhkkhhkhkkhkhkhkhkhkkhhkhkhkhkkhhkhkkhkkhkhkhkkhkkhkhkkhhkhkkhkkhkhkhkkhkkhkkhkkikkkk*x

(Iog(m) g+2 g-2 |09(1-s)]
330 + -

3 T 52 2 3
£ 2¢g° 2¢ €
n=3, 1=1, mM=0, <r>: 2

kkhkkkhhkkhkhkhkkhhkhkhkhkhhkhhhkhhkhhhkhhkhhhkhkhkhhkhkhkhkrhkhkhkhkhkhkhkhhkhkikkikkhk*x

(|Og(g+l) log(e+1) g+2 log(l-¢) g-2 |Og(1—g)J
3&0 - + - +

e £3 2 2 e ) 2 2 £3
n=3, 1=1, mM=1, <r>;: 4

kkhkkhkkhkkhhkkhkkhkhkkhhkhkkhhkhkhkhkkhhkhkhkhkkhhkhkkhkhkhkhkhkhhkhkhkkhhkhkhkkhkhkhkkhkkhkkhkkikkkk*

loge+1) 6loge+1) 9loge+l)

3 5
€ €

3e3+12¢%-18¢-36 3¢3-12¢%-18¢+36 |0g(1-g)+6log(1-g) 9log 1-¢)
4 ¢ - 4 ¢ - € g3 - g
E IR IR I 30 b 2 b I I b I b I b I I I I I IR b I b I I I b I b I b I b I I I b I b b I b I I I I I 2 ]
n=3, =2, mM=1, <r>:
5a0(|09(£+1) log(e+1) 3s3+852-6g-12+353—852—63+12 |Og(l-g)+|og(l-g)j
83 85 1284 1284 83 85
4

R I b B b I b b B b b I b B b I b b I b b I b B b b e b B b I b b I B b b b b

| ogf g+1) 2|og(g+1)+|og(g+1)+9g3+2ogz-68- 12
83 85 1284

9¢3-20g2-6¢+12 |og(1-g)+2|og(1-g) log( 1-¢)

12 84 € 83 85

n=2, =1, mM=1, <r>:

n=3, =2, mM=0, <r> (5ap(

))/ 8

n=3, 1=2, mM=2, <r> (15ag(

))/ 16
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- 7 Expectation values of orbital radii in phi plan
(see notation of Atkins)

(% 57) op: a[0]/(1l+epsilon*cos(phi));
(%57) 20

gcos()+1
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7 (% 58) for

);

A

2
s |1-g2-

n=1, =0, n

n=2, |=0, n

n=2, =1, n

n=2, =1, n

n=3, 1=0, ni

n=3, =1, n

n=3, =1, n

n=3, =2, n

n=3, =2, n

n=3, =2, n

(%58) done

i: O thru 9 do (
re: Ex3(psi[i], op),

prl nt ("******************************************************")

print (gn[i], ", <r> ", re)

I's §1-gz-g+l positive, negative, or zero?p;

1l|-¢ positive, negative, or zero?n;

kkhkkhkkkhhkkhkkhkhkkhhkhkkhhkhkhkhkkhhkhkhkhkkhhkhkhkhkhhkhkkhhkhkhkkhhkhkkhkkhkhkhkkhkkhkhkkikkkk*k

o
=0, <r>:

4

1-52

kkhkkhkkkhhkkhkkhkhkkhhkhkkhkhkhkhkhkkhhkhkhkkhhkhkhkhkhhkhkkhhkhkhkhkkhhkhkkhkkhkhkhkkhkkhkkhkkikkkk*kx

ap
=0, <r>
2
l-¢
P 30 20 20 I S P I 0 20 b b I S I 0 0 0 b I S I b b b I S I b b b I S I b b b I I S b b b I I I I I I
ap
=0, <r>
2
l-¢
P 30 20 20 I S P P b 20 b b I S I 0 0 0 b I S I b b b b I S I b b b I S I b b I I S b b b I I S I b I
ap
=1, <r>
2
l-¢
P 30 20 20 S P I b 20 b b I S I 0 0 0 b I S I b b b b I S I b b b I S I b I I I I S b b b I I S I b I
ap
=0, <r>:
2
l-¢
P 0 20 20 I S P I 20 0 b b I S I 0 0 0 b I S I b b b b I S I b b b I S I b b I I I S b b b I I S I I A
ap
=0, <r>
2
l-¢
P 30 20 20 0 S P I b b b b I S I 0 0 0 b I S I b b b I S I b b b I S I b b I I I S b b b I I S S I b
ap
=1, <r>
2
l-¢
P 30 20 0 0 S P I 0 b b b I S I 0 0 0 b I S I b b b b I S I b b b I S I b I b I I S b b b I I S I I I
ap
=0, <r>:
2
l-¢
P 30 20 20 I S P I 0 20 b b I S I 0 0 0 b I S I b b b I S I b b b I S I b b I I I S b b b I S I b I
ap
=1, <r>
2
1l-¢
P 30 20 20 0 S S I 20 0 b b I S I 0 0 0 b I S I b b b I S I b b b I S I b I b I I S b b b I I S I I I
ap
=2, <r>
2
1l-¢

14 | 14



